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1 Introduction 

We consider a family of motives (-^s)seAi\{o,i} whose generic member has motivic 
Galois group isomorphic to a simple algebraic group of type G2. Such families, 
attached to certain rigid local systems with G2-monodromy, are introduced and 
studied in [DRKIO]. There are exactly 5 local systems, whose associated Galois 
representations possibly can be defined over Q. In this paper we study the family 
of motives attached to the local system on \ {0, 1} whose local monodromy at 
0, 1, 00 is given by 

diag(-l, -1, -1, -1, 1, 1, 1), J(2) e J(2) e J(3), diag(C7, Cl Cl 0, C7XI 1), 

(respectively) where J (A;) denotes a Jordan block of length k. The family of 
motives arises from the family of varieties (with respect to the coordinate Xj), 
defined by 

l<«<7;j=l,2 l<i<6 

where the e{i, j), f{j) are certain natural numbers between 1 and 13 and where 
Ti = 0,r2 = 1 (cf. Section 2). 

It is a consequence of the rigidity criterion in inverse Galois theory that, al- 
though the underlying motives are a priori only defined over QiCi) (Ct denoting 
a primitive 7-th root of unity), the monodromy representation 

Pi = /5Vo(c,)) • ^i(^Q{C7) \ {0' 1}) ^ GLj{Q,) 

of the etale realization Vq((^^) of the familiy (Ms)ggj^iy|o,i} has the property that 
the residual representation can be defined over Q : There exists a lisse sheaf Vq 
on Aq \ {0, 1} with monodromy representation 

p, = /5v„ :vri(Ai \{0,1}) ^GL7(F,) 
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such that p(, restricted to 7ri(AQ(.^^^ \ {0, 1}) is isomorphic to the residual repre- 
sentation of pi. 

For a point s G S{K), where K is any field and S a scheme, we have a map 
is ■ Gk TTi (5) by the functoriality of the functor tti . The composition p^o ig : 
Gk — >■ GL-j{Q() (resp. p£0 ig : Gk — > GLy{¥()) is called the specialization of p^ 
(resp. Pi) with respect to s and is denoted p^^'^ (resp. p'l^)- We prove the following 
effective Hilbert irreducibility result for the specializations of p^ (Thm. 3.4): 

1.1 Theorem. Let ^ 7^ 2, 3, 7, 11 and 13. Let s G Q \ {0, 1} and suppose there 

exist prime numbers p,q 2,7, i with p \ \G2{(!)\, p = 3 or 5 mod 7, i^p{s) < < 

-(s) 

Uq{s — 1), 7 1 Vpis) and i | i'q{s — 1). Tiien p^ : Gq G2{¥e) is surjective. 

Since the reduction modulo-^ map G2(Z^) — ?• G2{V£) has the Frattini property 
(cf. [Wei95]), Thm. 1.1 implies that for s as in the theorem, the twist by a certain 
character of order < 2 of the Galois representation 

Pe^ ■ GQiCr) ^ GL7(Q^) 

has an image equal to G2{'^e)- Under the Tate conjecture, this implies that the 
motive Mg, where s is as in the theorem, has motivic Galois group of type G2 
(Thm. 4.5). 

2 Construction of sheaves with monodromy G2 

2.1 Introduction of the basic objects. For a natural number denote by 
Rn the ring ^[("7, -^^^^ ]. As in [DRKIO] we want to construct in a nice geometric 
way a lisse sheaf on A]^^ \{0, 1} having monodromy (Zariski dense inside) G2{Qe) 
and whose mod £ reduction has monodromy contained in G2(¥i). 
Denote by Sn the ring Rn[Ti,T2, j^^j^]. Set 

i,j k 

where i runs through {1,...,7}, j through {0,1} and k runs through {1,...,6}. 
Denote by Hyp^ the hypersurface in Gm,RN '^Rn (^"sn \ "^^(^^1.^2)) defined by 

l<«<7;j=l,2 l<i<6 

where Y denotes the coordinate function of Gjn,Rj^, Xi, ...X-j denotes the coordi- 
nate functions of A^^ and the exponents are as follows: 
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e(7,2) 
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Let 

7riv:Hypjv ^Al^\{Ti,T2} 

be the morphism induced by the inclusion 

Sn[X7, (x^-TiKXy-Ta)]^ ^ Sn[Xi, Xt ,Y, yaI^,tJ- 

We think of fi^^ as the group of 14*^* roots of unity in R^. It acts on Hyp^ 
via Y (joY (for a; G fiu), inducing an /X]^4-action on ]R*(7rjv)!(Q^). Think of 
i?iv being embedded in Q^. Let x be the Q^-valued character of given by 
this embedding. By (IR,^(7rAr)!(Q£))-^ we mean the x eigenspace of the /224-action. 
Then by [DRKIO] Thm. 2.3.1 and Thm. 2.4.1, (R'^{7rN)\{Qe))^ is a hsse Qrsheaf 
on A;^^ \ {Ti,T2} of mixed weights < q and 

is cohomological rigid (see [Kat96] (5.0.1)) with induced monodromy representa- 
tion pv Zariski dense in G2{Qe)- Further, its monodromy tuple {90, 91, Qoo) has 
the following Jordan canonical forms: 

JCF(5o) = diag(-l, -1,-1, -1,1, 1,1), 

jCF(5i) = j(2)ej(2)e j(3) 

JCF(5oo) = diag(C7,C7,C7',C7,C|,C|,l)- 

Throughout the paper we use the following notation: If W is a lisse sheaf on 
a connected scheme X, then pw : Tri{X,s) — >■ Aut(>Vs) denotes the monodromy 
representation of W with base point s. For k he a number field containing ^7 set 
Vfc := W%R^TTN)memiAl\{o,i} (similar define Vs^,Vr^,. • • )• By definition, 
this is an extension of V to \ {0, 1}. Since the geometric fundamental group 
is a normal subgroup of 7rf*(A|. \ {0, 1}), the image of the induced representation 
pVfc normalizes the image of py 

By [DRKIO] Thm. 2.3.1, PVs^ already defined over QiiCr) and standard 
arguments give us that it is GL7(Q£(^7))-conjugate to a representation with values 
in GLt{Z£{(i)). Thus we may assume, that pv, PVs^ : P^Rn ' P^i' ' ' ' " ^^^^ values in 
GL7(Z^((^7)). Define the mod i reductions V, Vsi^,VRj^,Vk, ... as the etale locally 
constant sheaves given by the naive mod i reductions of the above representations. 

2.2 Computation of the monodromy of V. If G is an algebraic group 
defined over Z (e.g. G = GL„ or G2 < GL7) and if is a power of a prime 
number £, we write G(£"') for the group G{¥(n). From now on let i ^ 2,3,7. 

Let <T := (go, 91, Boo) be the monodromy tuple of V. It is not hard to see that 
the Jordan canonical forms remain untouched: ^0 is an involution so its Jordan 
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canonical form is determined by its trace, which clearly is the mod i reduction 
of tr(5'o)- By our assumption on I, JCF(^o) = JCF(5(o) follows easily. By looking 
at the minimal polynomial it is clear that g\ is unipotent with Jordan blocks of 
length less than three. If it has more than three blocks, dim(Eig(5i, 1)) > 4. 
But dim(Eig(^o, — 1)) = 4. In particular the intersection of both eigenspaces is 
non trivial and thus the product relation gogidoo = 1 implies that has —1 as 
eigenvalue which is clearly a contradiction. The only remaining possibility except 
JCF(3i) = JCF((7i) is two blocks of length three and one of length one. But then 
rk((^i — 1)^) would be greater then Tk{{gi — 1)^) which is impossible. Finally, by 
our assumptions on £ the characteristic polynomial of g^o is still separable, hence 
JCF(^oo) = JCF(c/oo) holds as well. 

As a result, the GL7(]F'£)-conjugacy classes of the ^j's are 0^-stable, where 
(f)^ denotes the component wise Frobenius map. Moreover, we still have the 
product relation (f>e{go)(f>e{gi)(l>e{goo) = 1- But the Katz algorithm for rigids 
[Kat96] Chapter 6 resp. its analogue to arbitrary algebraically closed fields of 
[DROO] yields that a is an absolutely irreducible linearly rigid tuple. Here linearly 
rigid means that whenever a triple of elements in the GL7(F^)-conjugacy classes 
of the 5i's satisfies the above product relation, then they are even simultaneously 
conjugate to our original ^j's. In particular we get a single element g G GL7(F^) 
s.t. ipiigi) equals gf for i = 0, 1 resp. oo. Now GLjiFg) is connected so there is 
an element h with g = h(f)i{h)'~^ by Lang-Steinberg (see e.g. [Car85] 1.17), i.e. 0^ 
fixes g^. Thus we have shown: 

2.1 Proposition. Let £ / 2,3,7. Then im(py) is GL7{¥£) -conjugate to a sub- 
group of GL7(^). 

In [Kle88], Kleidman has shown that every maximal subgroup M of G2{£^) for 
^ 7^ 2, 3 is G2(^")-conjugate to one of the groups contained in the following list. 



Group: 


Remarks: 




maximal parabolic subgroups 




c(Mil raliz(n' of IIk^ involutiou / 


Ke = Leyi Z/2 


£ = ±, L+ ^ SL3(r), L_ ^ ^\]^{£^) 




for ^ > 7, r > 11 


(Z/2)3-L3(2) 


for n = 1 


^2(8) 


for e>5, ¥fn = Ffiiu) with a;^ _ 3^ + i = q 


L2(13) 


for 13,F^n =¥i{^/l3) 


G2(2) 


for r = £ > 5 


Jl 


for r = 11 




for a = ^ prime 



Here we denote by (Z/2)^'L3(2) a suitable non-split group extension of (Z/2)^ 
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with 1/3(2). We do not need an exact definition of and Pg at this point, but 
it can be found latter in section 3.3. We will use this list to prove the following 
proposition: 

2.2 Proposition. Let £ / 2,3,7,11 and 13. Suppose im(/3y) < G2(£"). Then 
im(/9y) = G2{P^) or im(p-p) is contained in a subgroup G2{t-^)-conjugate to 

CG2{i"){'Pe.^) = G2{P^) for ct = ^ a prime number. 

Proof: Wc simply have to check for every type of group in the list, whether the 
group contains im(pp). 

(i) We have seen above that im(/9y) acts irreducible on V{£"') := ¥j„ but 
the first three groups in the table act reducible on Hence im.{py) is not 
contained in any subgroup G2(£"')-conjugate to one of these subgroups. 

(ii) As in the proof of [Klc88] Lem. 4.2.1 V{e') as PGL2(^") module is isomor- 
phic to the F^n-vector space of homogeneous polynomials in X and Y of degree 
6 as (p(SL2 (£")), /x~^p(diag(/x, l)))-module, where /x is a non square in F^n and p 
is the GL2(£"') representation given by 



The non trivial unipotent elements in GL2(^") clearly form a single conjugacy 
class. Hence an easy computation shows, that the Jordan canonical form of each 
unipotent element in our PGL2(^"')-representation consists of a single Jordan 
block of length 7. Since this is not the case for gi, no maximal subgroup G2(^")- 
conjugate to PGL2(£"') contains im(p-p). 

(iii) Finally, we can exclude all other maximal subgroups but C(32(^")(^5'q) in 
the above table by comparing their orders with our assumptions on i. □ 

Iterative application of this together with Prop. 2.1 give us the following 
2.3 Corollary. Let ij^2,S, 7, 11 and 13. Then the image of py is G2{tj. 

2.3 An extension of V to Aq\{0, 1}. Let § be the set of places {t, t — 1, 
of Q(t). As in [MM99] I Thm. 2.2 denote by Mg the maximal algebraic extension 
field of inside Q(t) unramified outside §. It is well known that Gal(M§/fc(i)) 
is canonically isomorphic to 7rf (A^ \ {0, 1},0) for k an algebraic extension field 
of Q, where denotes the geometric point corresponding to the choice of an 
embedding of k{f) to Q(t). In particular py gives rise to an intermediate field of 
M§/Q(t), Galois over Q(t) with group isomorphic to G2{i)- As in the Hurwitz 
classification of such intermediate fields in [MM99] 1.4.1 denote this field by Nu- 
(i.e. /9y corresponds to ipa- in loc. cit.). Now, if Q(t) is a field of definition of 
^a-/G2{e)^(i) (see [MM99] 1.3.1), we get an epimorphism p^^ : Gal(M§/Q(t)) 
G2{i) which, after a possible modification by an automorphism of G2{i), restricts 
to p-p. As a result the locally constant sheaf Vq on Aq \ {0, 1} defined by p^^ is 
an extension of V. 
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Our tuple <T is rigid in the sense of [MM99] if for each triple {hi} in G2(^)^ 
satisfying the product relation 5o"^i^^oo° — 1' there is even an element h of 
G2{t) with = g^^ simultaneously for all i. Further, a is rational in the sense 
of [MM99] if for all primes p not dividing the order of G2{i) the p power map 
preserves the G2(£)-conjugacy class of each gi. Now if a is both rigid and rational 
Q(t) is indeed a field of definition of / G2{e)Q{'t) by the Rigidity Theorem (see 
[MM99] I Thm. 4.8). 

We start with checking the rationality of a. By [MM99] I Prop. 4.4 this is 
equivalent to the statement that every complex irreducible character of G2{£) 
has rational values for go,gi and g^o- But this is straightforward, using the 
character table in [CR74]. Thus cr is indeed rational. 

Let p = 3 or 5 mod 7 be a prime number not dividing the order of G2{t). 
Then the rationality of cr implies that there exists an element /too,p in G2{t) with 
_ ^ jg T^Qi hard to see that relative to the Jordan canonical form of 
^oo) ^oop is of the form: 



(2.1) 



/o 



1 



o\ 



±1 



1 

1 
1 
1 
1 

yo 1/ 



X an element of D 



where D denotes the diagonal torus of GL7(F^(^7)). With the aid of /ioo,p 
show that 



we can 



(2-2) A^GMF,)(G2(^)) = G2(£)xF,X: 

First note that Nk{G2{K)) = G2{K) x holds for K algebraically closed. 
Indeed, if h is an element of the normalizer and /(•,-,•) denotes the Dickson 
alternating trilinear form then G2{K) still fixes the form f{h{-), h{-), h{-)). Hence 
by [Asc87] Thm. 5 (2) this form is a scalar multiple of the original Dickson form. 
Since K is assumed to be algebraically closed, a scalar multiple of h fixes the 
Dickson form. By [Asc87] (2.11) and (3.4) this means h G G2{K) x (G2 is a 
simple group!), as claimed. The other inclusion is clear. 

Now for g £ G2{t) and h G ^Gh7(fi)i^'ii^)) arbitrary we have g'tx'^^^ = (/,^(c,^) = 
g^, i.e. h~^(p(,{h) G C'gl7(f^)(^2(^))- Let h' be arbitrary in this centralizer. We 
may assume, that 500 is in its Jordan canonical form. In particular h' is contained 
in D (since this is just the centralizer of ^oo)- Thus it follows from (2.1) that h! is 
of the form diag(a, . . . . a. h). But e.g. from g\ = gi we can deduce that a = b. In 
particular h^^(p£{h) lies in the connected center of GL7(F^). So by Lang-Steinberg 
there is an element A in this center s.t. h^^(j)i{h) equals X(j)i{X)~^, i.e. the product 
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hX is fixed by <pe. But our above computation of NQj^^(f^^{G2{¥£)) shows, that 
the (pi fixed points are just G2{t) x F^, which completes the proof of (2.2). 

Combining this with the linear rigidity of a we finally get the rigidity in the 
sense of [MM99] and thus our desired extension of V to Aq \ {0, 1}: 

2.4 Proposition. Let I ^ 2,3,7, 11 and 13. Then there exists an extension Vq 
of V to Aq \ {0, 1}, satisfying 



3 Specializations of py^ 

Prom now on always assume ^ 7^ 2, 3, 7, 11 and 13. Denote the Q-rational point of 
Aq \ {0, 1} induced by s G Q \ {0, 1} by s as well. Composition with the induced 
map on fundamental groups with p-p^ gives us the specialization at s 

41 --Gq 

(similar for Vfc, Vfc, . . . ). In this section we want to proof that for suitable choices 

(s) 

of s, the Galois representation p^^ is onto. 

(s) 

3.1 Restriction of p^^ to inertia subgroups. First we have to modify 
VRj^,Vk s.t. the resulting sheaves are compatible with Vq. Since 7r5'*(A^ \ {0, 1}) 
is a normal subgroup of 7rJ*(A^^^^^ \ {0, 1}) and 7rf*(Ajj^ \ {0, 1}) is a quotient of 
the latter group, the image of p-p^ is contained in -/Vgl7(f(C7))(^2(^)) = G2{() x 
F^(^7)^. As a result we get a continuous character 

4\A],^ \ {0, 1}) G2{e) X FKCr) ^ ^ mrV^Ji^ UCrV- 



Define V|j^,V|,... as the twists of VR[^,Vk, ■ ■ ■ by the restricted characters. 
Clearly = V. In particular these sheaves are still extensions of V, with 

_ ker(pye) 

im[p-Qe) = G2{t). Set N := Mg . Using basic arguments involving the profi- 

nite Galois correspondence we derive that N-Q{t) = No- and iVnQ(t) = Q(C7)(i)- 

_ ker(py ) 

We can deduce the analog statements for N' := Q(C7)(i) ' : Indeed, the 

_ kcr(py ) 

desired properties hold for Mg ^ over Q(t). Thus, using arguments from the 
proof of [MM99] I Prop. 3.1, we see that N and N' coincides. In other words 
(after a possible modification by an automorphism of the monodromy) we get 
that V| is the restriction of Vq. 

3.1 Lemma. Let p ^2, 7 and £ be a prime number. Farther, let s e<Q \ {0, 1} 
with i/p{s) > and 2 f i/p{s) (for i = 0), Up{s - 1) > and £ f Up{s - 1) (for i = 1) 
resp. t'p(s) < and 7 \ i^p{s) (for i = 00). Then the image of an inertia subgroup 

(s) 

fp < Gq under the speciahzation at s contains an element conjugate to gi. 
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Recall that the absolute Galois groups resp. etale fundamental group of Q^"^, 
Cp((z)) resp. Ap := SpecWp{{z)) can be computed using the well known diagram 



(3.1) 



pr 



and 



(here Wp denotes the Wittring of Fp with field of fractions 

7rf*(Ap) is induced by the evaluation 2; a for a G Wp ). Note that the upper 
and lower commutative squares are taken with resp. to different base points of 
Ap. But since the claim of the lemma is only about conjugacy classes, we will 
often omit the base points in our notation. We will apply (3.1) for z = t (for 
i = 0), z = t — 1 (for i = 1) resp. z = j (for i = 00) and a = z{s). 
Proof (of the lemma): Suppose p \ N. The canonical inclusions of the resp. 
coordinate rings gives us the commutative diagram 




7rf(Ai \{0,l})^7rf(Ai \{0,1}) 



4\Ap) 



Gf 



The restriction map Gq^^^^,)^ — > Gal{M§/Q{t)) = vrf (A^\{0, 1}) identifies Gq^^^:)) 
with one of the conjugated inertia groups corresponding to z in S. Since one 
of these inertia groups is topological generated by 7^ with /0y(7i) = gi (see e.g. 
[MM99] I Thm. 1.4), the image of the resulting representation Gq,)-^^-)) — t- G2(^) is 
conjugate to the subgroup generated by g^. The same is true for the representation 
Trf (Ap) ^ G2{£) induced by (VijJ|A,: Indeed, by (3.1) Gc,((,)) ^ vrf (Ap) is an 
epimorphism. 

The diagram consisting of canonical inclusions and evaluations t s 



RN[t, 



Wp{{z)) 
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gives us the commutative diagram 



^f(A}?^\{0,l},s-) 




pi • 



(Ai(^,) \ {0, 1}, s) . Trf (A^ \ {0, 1}, -s))pf^ 



■Gf 




In particular, {p^^)\G^j,r factors through the above representation induced by 
C^rJiAp- But by (3.1) G^nr ^ Trf (Ap) is the z/p(a) power map and Up{a) is 

- ^ (s) 

coprime to ord(^i) by our assumptions. It follows that the image of {p\;^)\G^nr 
still conjugate to the subgroup generated by gi, which completes the proof. □ 

Consider the maximal tame algebraic extension Qp^^/Qp. The tame inertia 
group /p*^™^ is given by the exact sequence 



rtame 
P 



Gw 



Since I*'^™'^ is abelian, Gp^ acts on 7*^™*^. It is not hard to see that the Probenius 
acts as p power map. 

Let p be as in the last lemma for i = oo. Moreover suppose that p does not 
divide the order of G2(/). Since 7*^^ is the quotient of Ip by its unique p-Sylow 

group (see e.g. [Neu92] II Satz 9.12), {p^^)\ip factors through 7*^™^. In particular. 



a lift of the Probenius to Gq^ acts on the image of (/9y^)|/p as the p power map. 
Thus for p = 3 or 5 mod 7 and our g^o conjugate in the image of {p^'')\ip we get 

(s) 

an element in the image of with analogue properties as /iqo p has for • 

For notational convenience we assume that our g^ conjugates given by the 
lemma are just gi themselves and that the image of the Probenius is just hoo,p- 



3.2 The structure of s*Vq as F^[77]-module. For p as above let H be the 
subgroup of the image of generated by gi,goo and /ioo,p- For a field extension 
K/¥e set V{K) := s*Vq K. 



3.2 Lemma. The decomposition ofV{F£) into Vi{¥ £) (B V2{¥ £) , where the direct 
factors arc Fi(F^) := Eig(^oo,_l) and V2{¥i) := 0^^^^ Eig(5oo,C7), is defined over 
¥i. If H acts reducible on s*Vq, the only possible non trivial ¥i[H]-submodules 
are Vi{¥£) and V2(F^). Farther, if they exist, they are irreducible submodules. 

Proof: Denote by 77' the subgroup generated only by ^oo and /ioo,p- First we 
prove that ^(F^) = Vi{¥i) V2{¥ij is an irreducible decomposition of ^(F^) 
as a F£[77']-module. Let Vi be a Cy-eigenvector of goo- In particular (2.1) gives 
us a description for hoo,p with resp. to the basis {vi, . . . ,V7}. Thus V{¥i) = 
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Vi{¥i)(BV2(¥£) is clearly a decomposition of F(F^) as a ¥£[H']-module. It remains 
to prove the //'-irreducibility of V2(F£): For a non trivial v G V2(F£) define 
as the set of all i s.t. the projection of v to F^.i^j is nontrivial and my as \My\. 
Let P G F£[X] be non trivial of minimal degree with P{goo)v = 0. It follows 
that P{Q) = for i G My. But Yl^^zM^i^ ~ Q) gives another such non trivial 
relation, i.e. deg(P) = ???,„. Clearly ^jg^ F^-5^(i') is contained in the ?7?,y-dim. 
space ©jgjvf^ F^.Uj. As a result these spaces coincide. In particular, there exists 
an z < 6 with Vi in the F^-span of H'v. But by (2.1) this span is already V2(F^). 

Now the rest of the proof is quite easy: The minimal polynomial of goo is 
separable. So we see that the decomposition is already defined over F^ by looking 
at the rational canonical form of goo- Let U < V(¥i) be a non trivial F^[i7]- 
hence also F£[iJ']-submodule. Using the if'-irreducibility of Vi(F^) and V2{¥£) 
we get that U equals either Fi(F^) or V2{¥(;) (compute the possible dimensions 
of their intersections with U). □ 

It follows that s*Vq = Vi{¥i) © V2(F^) is the only possible non trivial decom- 
position as an F^[i7]-modulc. Suppose that this is indeed a decomposition. In 
particular both Vi(F£) and V2{¥i) are ^i-invariant, which contradicts that the 
Jordan canonical form of gi contains no Jordan block of length 1. Thus we get: 

3.3 Corollary. s*Vq is indecomposable as an ¥£[H]-niodule. 



(s) 

3.3 Computation of the image of First we recall the following fact 

about our representation of G2{£) which can be found for example in [MalOS]: 
There is a basis {vi, . . . ,V7} of s*Vq s.t. every maximal parabolic subgroup of 

G2{i) is given either by := {T,Xa,x^^,Xj3) or := {T,Xa,x/3,x^^), where 
Xa respectively are generators of the root subgroup of the simple root a 
respectively f3 given as 



/l 1 
1 



Xrv • 



1 1 -1 
1 -2 
1 



V 



1 -1 



/i 



X/3 



1 1 
1 



1 -1 
1 



V 



1/ 



and T := {diag(ti, ^1*2 ^' 1' *i ^*2, ^2 ^' *i ^) I *i)*2 G F^} is a maximal split 
torus of G2{e) in GL7(F^). 

We will use the above list of types of maximal subgroups of G2 {£) to prove the 
following 

3.4 Theorem. Let £ ^ 2,3, 7, 11 and 13. Let s G Q \ {0, 1} and suppose there 
exist prime numbers p,q ^ 2,7, £ with p | |G2(^)|, p = 3 or 5 mod 7, fp(s) < < 
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i'q{s — 1), 7 \ Vp{s) and i f i'q{s — 1). Then : Gq G2{i) is surjective. 

Proof: It suffices to proof that no maximal subgroup G2(^)-conjugate to one of 
the subgroups in the above list contains H (hence H = G2{t)). 

By the same arguments as in the proof of Prop. 2.3, H is not contained in any 
maximal subgroup of G2{tj (conjugate to a subgroup) in the above list except 
the first three ones. 

(i) Suppose H < M with M a maximal parabolic subgroup of G2{£)- If 
M = Pa, then vi and V2 span a 2-dimensional F^[Pa]- hence F^fi^J-submodule 
of s*Vq. If M = P^, then vi,V2 and span a 3-dimensional F£[P^]- hence 
F£[i7]-submodule of s*V(q, which both contradicts Lemma 3.2. 

(ii) Suppose H < CQ^(^i'){i) for an involution l as in the above list. Now i 
is semisimple 7^—1 (otherwise Cq^ (£)('-) would be G2{i))- Thus l has Jordan 
canonical form 



JCF(i) 



-id. 



for suitable r, s > and r + s = 7. But then C'ql(^*-p^) (i) is isomorphic to 
GLr(£) ® GLs{i). In particular even C'ql(^«-p^) (i) acts decomposable on s*Vq, 
which contradicts Cor. 3.3. 

(iii) Suppose H < M with M G2(^)-conjugate to = ><i Z/2. Without 
loss of generality we may assume that M equals K^. According to the proof of 
[Klc88] Prop. 2.2 we may choose in our representation to be generated by 
three long root subgroups of G2{i), all of which act trivial on a 5-dimensional 
subspace Wi of s*Vq (resp.). In particular acts trivial on the non trivial 
subspace Wi fl W2 n W3. Say v is a non trivial Element of this space and let a 
be the generator of Z/2 in K^. Since a normalizes L^, acts trivial on av as 
well. Thus the space W spanned by v and av is a 1- or 2-dimensional F£[i^£]- 
submodule of s*Vq. Further, [Kle88] Prop. 2.2 (iii) tells us that stabilizes 
a 6-dimensional subspace U of s*Vq. Ftom Lem. 3.2 we get that U = ¥2(1) is 
an irreducible F^[i?]-submodule. In particular U and W intersects trivially. It 
follows that s*V(Q = U (BW is a decomposition as an F^[i?]-module, which again 
contradicts Cor. 3.3. 

By the above list H is not contained in any maximal subgroup of (^2(^)5 so the 
theorem follows. □ 



3.5 Remark. Note that this theorem is in particular an explicit version of 
Hilbert's irreducibility theorem for G2(i)- A similar result was proved by S. Beck- 
mann in [Bec91] (see loc. cit. Cor. 1.3), using a different approach. She needs a 
generating set of certain {cTj | i G T} in the image of certain inertia groups with 
the property that for all in the G2(^)-conjugacy class of ffj, {r^ | i € T} is still 
a generating set. But restriction of our specialization to the inertia groups Ip and 
Iq alone only yields two elements, which not necessary generates G2{t). Thus 
her result does not apply in our case. Further, we have to exclude less primes: 
q might as well divide the order of G2{i), hence might lie inside the exceptional 
set 5bad in [Bec91]. 
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4 Motives with motivic Galois group G2 



Assuming the Tate conjecture, we will construct a family of pure motives with 
motivic Galois group (with resp. to the ^-adic realization) G2(Q^). 

4.1 Interpretation of s*Vk as ^-adic realization. By the construction in 
section 2.1 our way is clear: we have to interpret suitable stalks of Vfe in terms of 
^-adic cohomology of suitable smooth projective varieties. 

For a fc-valued point s : Spec(A;) — >■ A]j^\{0, 1} denote by tt^ : Hyp^ — >■ Spec(A;) 
the basechange of tt^v along s. 

4.1 Proposition. There is a 6-dimensional smooth projective fj,i4-equivariant 
compactihcation 

Hyp / ' 




Spec(/c) 



of TTs with X = Hypg 11 D and D = [j^^Di a closed subscheme with smooth 
projective Di. 

Proof: Recall from the construction in Sec. 2.1 that we have a canonical embed- 
ding Hyp^ ^ ¥\ ®k Pfc- The /^14-action clearly extents to ®k F|. Thus we 
get a /Lti4-action on the closed subvariety Hyp^ given by the closure of Hyp^ in 
®k IPfc- Clearly Hyp^ lies in the regular locus of Hyp^. Apply [BEV05] Thm. 
2.4 to get an iterated blow up of F^ (^^ F| with regular /1^4-equivariant strict 
transform Hyp^ — )• Hyp^ extending the /^]^4-action on Hyp^. 

Let D' be the closed subvariety of Hypg given by the complement of Hyp^. The 
/ii4-action restricts to D' . We may assume that D' is cquidimensional (otherwise 
iterate the next step for every /Xx4-orbit of the induced action on the connected 
components of D'). Again by [BEV05] Thm. 2.4 we get a /ii4-equivariant iterated 
blow up X ^ Hyp^ in SmProj with regular /^]^4-equivariant strict transform 
Dq — 7- D . In particular wc still have a /x^4-equivariant open embedding Hyp^, ^ 
X. Let IJi=i Di ^ X be the exceptional locus (denoted [j- Hi in [BEV05]). But 
then Di is smooth projective by definition of a pair in loc. cit. (see Def. 2.2). Set 
-D := |J[^Q Then X equals Hyp^ 11 D, which completes the proof. □ 

For s G Q \ {0, 1} there is an iV S> s.t. s induces an i?iv-valued point of 
A|j^ \ {0) 1} (also denoted by s) and s.t. the above compactification has a model 

(4.1) s*Hyp^c Xn ^ ^Dn = \Ji DN,i 




Spec(i?Ar) 

over i?jv with good reduction at every prime of Rn. For such N we get the 
following 
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4.2 Lemma. Let 11 be the indempotent endomorphism of Hf{X) given in the 
group ring Qi[fii^] as ^ YlltoCu'^^ ^ generator u of fii^^ with x(w) = Ci4- 
Then the canonical morphism a : Y[- -Dj — >■ X induces a canonical isomorphism 
of Gk-modules 

rW%-R%7rr,)mem — U[ker{HUa))]. 

Proof: We argue as in the proof of [DRKIO] Cor. 2.4.2: First, using Weil II we 
see 

WV{Tr%)im)>'] - ker(R6(7f^),(Q,) ^ R'iTrhMQe)^- 

Let aN he the canonical morphism Uj-Div,i — > Xn- Suppose the canonical mor- 
phism 

^""{T^D^Me) = R'^iTtMi.eQe) ^ ]R^(7f^)*((aAr)*a^Q^) 

is a monomorphism. It follows that we can express W^[{M,^(7r^)\{Qe))^] as 
ker(R^(7f|^f)*(Q£) ->■ R^(7f^)^,(o*a*Q£))^. Now taking stalks at s completes the 
proof. 

Thus it remains to show that lR,^(7f^)*(i*i*Q^) -> ]R.^(vf|^)*((Q;jv)*a^Q£) is a 
monomorphism. Clearly ajv factors through i. The corresponding morphism 
a : ]J^DN,i ^ Dn is finite, hence a^a*Qi is a monomorphism. Prom this 

we get that i*i*Qi — >■ {aN)*Oi'^Qe is a monomorphism as well. The induced short 
exact sequence gives us a long exact sequence of Il'^(7f^)*-terms. Finally, by good 
reduction of vf^ we can apply Weil II to show that all the connecting morphisms 
vanish (compare the weights of the domain and codomain) , which completes the 
proof. □ 

Prom know on assume the Tate conjecture holds. In particular the stan- 
dard conjectures holds for H*. We work in the (therefore) Tannakian category 
NM (fc)g,., of numerical motives over k with coefficients and fibre functor H*. 
Note that a is /^]^4-equi variant: indeed by our construction of D, Dq is fixed by 
the /i]^4-action while the action permutes the Dj's for z > (see the equivariance 
part in the proof of [BEV05] Thm. 2.4). It follows that 11 commutes with the 
projection pri^^j.^^) : f}(X) ker(a). It is clear that the sixths Kiinneth projec- 
tore TT^ commutes with both idempotents. As a result Ps := 11 o tt^ o prj^g^^^^ is 
idempotent as well and Psi){X) a well defined numerical motive. The following 
corollary is then clear: 

4.3 Corollary. The £-adic realization H*{psi){X)) ofpsi){X) isomorphic to s*Vk 
as a Gk-module. 

4.2 Motives of type G2. In this final section we will proof that for suitable 
choices of s the motive Psl){X){3) has motivic Galois group G2(Q^). 

As above let s G Q \ {0, 1} and choose N ^ as in the last subsection. 
Let £ ^ 2,3, 7, 11 and 13. Furthermore, let p,q ^ 2,7 he prime numbers with 
p = 3 or 5 mod 7, p\ A^1G'2(^)| and the additional properties i^pis) < < Uq{s—1), 
7 1 Up{s) and £ | Uq{s - 1). 
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Again PVi?^ normalizes G2(Q^). In abuse of notion we denote by £ the resulting 
continuous character 

Trf (A),^ \ {0, 1}) ^ ^2(Q^) X ^ ^Q^il^ 

as well. As above this gives us extensions V|;, V|j^ , . . . of V. These are still defined 
over Qc(C7)- Hence we get back V|, V|j^, • • • by mod i reduction analogue to the 
above construction. Let fc/Q be a Galois extension containing Q-j s.t. the G^- 
representation p-pe is non trivial (e.g. k = Q(C7))- Since this representation is 
a restriction of the absolutely irreducible GQ-representation p-p^ (see Thm. 1.1) 
with image the simple group G2{i), acts on s*V| absolutely irreducible as 
well. But then the G^-modulc s*V| hence s*Vk — H'{psl){X)) is irreducible, too. 

Recall that X has dimension 6. Poincarc duality gives us a non degenerate 
symmetric bilinear form i?|(X)(3)®^ — Q^. By the projection formula (see e.g. 
[And04] 3.3.2) the adjoint of a morpliism given by an element of with resp. 
to this form is just its inverse, i.e. the Galois action is orthogonal. 

Now H'{ps) is a morphism of Galois representations. Further, the kernel of the 
canonical map H*{ps^{X){'3i)) — > H*{ps\]{X){?>)f^ induced by the above bilinear 
form is G^-invariant. But H*{ps^{X){?,)) is an irreducible G^-module, i.e. the 
restriction of the above bilinear form gives us a non degenerate symmetric bilinear 
form h on H'{ps'i}{X){3>)) resp. s*Vfc(3) s.t. G^ acts orthogonal with resp. to this 
form. 

As a result the image of Py^^^s^ is even contained inside iVo(s*Vfe(3),6) (^^2(0^)) = 
G2{Q.i) X (il)- In particular is trivial, hence we can choose a A; as above with 
the additional properties V^(3) = Vfe(3) and [k : Q(C7)] < 2. For this A; we get 
the following 

(s) 

4.4 Proposition. The image of the specialization Py^(3) at s is a Zariski dense 
subgroup of G2{Qe). 

Proof: We have seen above that Gq(^^) acts as an irreducible subgroup of G2{Qe) 
on s*Vq^^^^(3). Using [Asc87] Cor. 12 we get that the only possible proper max- 
imal Zariski closed subgroups of G2(Qe) containing the image of off] are of 
fifth type in loc. cit.. We will show that this is not the case: 

Note that the image of off] contains an element conjugate to g'^''^^~^^: 

Indeed, since p f TV we can argue as in the proof of Lem. 3.2. The Jordan 
canonical form of gi consists of three Jordan blocks. As a result gi has a 3- 
dimensional 1-eigenspace. It follows that g'^''^^ has at least a 3-dimensional 
1-eigenspace, i.e. its Jordan canonical form consists of at least three blocks. But 
^^^(s-i) jg clearly non trivial. Thus we can argue as in the second part of the 

(s) 

proof of Prop. 2.2 to get that the image of p\J is a Zariski dense subgroup 

of G2{Qe)- In particular the closure of the image of Pv^^(3) = Pv^(3) ^ ^'-'^ trivial 
normal subgroup of the simple group G2(Q^), which finishes the proof. □ 
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All in all we have seen that the Gfc-action on objects in the (SD-category gener- 
ated by H'{pslj{X){3)) in Vec ^. fixes b € S'^H'{psl){X){3)) and the Dickson form 
/ G X^ H* {pst){X)(3)) , i.e. b and / are Tate cycles. Granting the Tate conjecture 
this gives us that the motivic Galois group Gniot{Ps^{X){3)) fixes these cycles, 
hence is contained inside G2{Qe) by [Asc87] (2.11) and (3.4). 

On the other hand every algebraic cycle is a Tate cycle, so im{py^^^^) fixes all 
algebraic cycles in s*Vk{3) = H*{ps't){X){3)) and hence on all (^-constructions of 
this space. Further, it is a Zariski dense subgroup of G2(Q^) as a Zariski closed 
subgroup of GL(if;(j3^f)(X)(3))). So the same is true for G2{Qe). But G2{Qe) is 
reductive, so it is contained in Gmot(Psb(-^)(3)) by [And04] 6.3.1. 

This gives us our final result: 

4.5 Theorem. Suppose the Tate conjecture holds. Let s G Q \ {0, 1} and choose 
iV S> s.t. X and the Di's are defined over Rj^ with good reduction at every 
prime. Let i ^ 2, 3, 7, 11 and 13. Furthermore, let p,q ^ 2,7, i he prime numbers 
with p = 3 or 5 mod 7 , p \ N ■ \G2{f^)\ and the additional properties Vp{s) < < 
Vq{s — 1), 7 \ yp{s) and £ f Uq{s — 1). Then the motive psi){X){3) has motivic 
Galois group of type G2 . 
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